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Abstract

For directed graph iterated function systems (IFSs) defined on R, we prove
that a class of 2-vertex directed graph IFSs have attractors that cannot be
the attractors of standard (1-vertex directed graph) IFSs, with or without
separation conditions. We also calculate their exact Hausdorfl measure. Thus
we are able to identify a new class of attractors for which the exact Hausdorff
measure is known.

1 Introduction

The work of this paper was originally motivated by asking the question, “Do we
really get anything new with a directed graph IFS as opposed to a standard IFS?”
A standard IFS can always be represented as a 1-vertex directed graph IFS so the
question is really, “Do we get anything new with a directed graph IF'S with more than
1 vertex as opposed to a 1-vertex directed graph IFS?”. By restricting the systems
under consideration to those defined on R, we answer this question in the affirmative
by proving that a class of 2-vertex directed graph IF'Ss have attractors that cannot be
the attractors of standard (1-vertex directed graph) IFSs, with or without separation
conditions, overlapping or otherwise. We are also able to calculate the Hausdorff
measure of these attractors and so we extend the class of attractors for which the
exact Hausdorff measure is known.

In what follows we will often write k-vertex IFS as a shortening of k-vertex
directed graph IF'S.

We start, in Section 3 by proving a general density result, Corollary 3.6, for
directed graph IFSs defined on R™ for which the open set condition holds. In Section
4, Theorem 4.6, we give sufficient conditions for the calculation of the Hausdorff
measure of both of the attractors of a class of 2-vertex IFSs defined on R. This
adds to the work of Ayer and Strichartz [1] and Marion [13]. Then in Section 5
we define the set of gap lengths of an attractor of any directed graph IFS defined



on R for which the convex strong separation condition (CSSC) holds. In Section
6, by using sets of gap lengths to distinguish between attractors, we are able to
show that a large family of directed graph IFSs, with any number of vertices, have
attractors which are not attractors of standard (1-vertex) IFSs for which the CSSC
holds, see Corollaries 6.2, 6.4 and Theorem 6.3. Finally in Section 7 we combine
the results of Sections 4 and 6 to prove, in Theorems 7.4 and 7.5, the existence of a
class of 2-vertex IFSs that have attractors that cannot be the attractors of standard
(1-vertex) IFSs, with or without separation conditions.

The attractors of these 2-vertex IF'Ss are of interest not only because we are able
to compute their Hausdorff measure, but also because they give us information about
properties not shared by the attractors of 1-vertex IFSs. Also, because they are the
attractors of such simple 2-vertex IFSs, it seems likely that most directed graph
IFSs produce genuinely new fractals, with many 3-vertex IFSs having attractors
that cannot be the attractors of 1 or 2-vertex IFSs and so on.

A number of proofs involve checks that are routine or repetitive and so in these
situations only a sketch or sample cases may be given, however full details of all
proofs may be found in the thesis [3].

2 Notation and background theory

A directed graph, (V, E* 1, t), consists of the set of all vertices V' and the set of all
finite (directed) paths E*, together with the initial and terminal vertex functions
i:E*— Vandt: E* — V. E' denotes the set of all (directed) edges in the
graph, that is the set of all paths of length one, with E' C E*. V and E' are always
assumed to be finite sets. We write E* for the set of all paths of length k, EF for
the set of all paths of length k starting at the vertex u, E¥ for the set of all paths
of length k starting at the vertex w and finishing at v and so on. The initial and
terminal vertexr functions are defined as follows. Let e € E* be any finite path, then
we may write e = e; - - - 5, for some edges ¢; € E', 1 < i < k. The initial vertex of
e is the initial vertex of its first edge, so i(e) = i(e;) and similarly for the terminal
vertex t(e) = t(ey).

We will often use a notation of the form (A.).cp and (A).ep, when B is a finite
set of n elements, as this is just a convenient way of writing down ordered n-tuples.
That is, if B is ordered as B = (by,b,...,b,), then (A.)cep and (A).cp are the
ordered n-tuples (A¢)cen = (Ap,, Apyy -+, Ap,) and (A)eep = (A, A, ..., A).

We use the notation (V, E* i t,r,((Cy,dy))vev, (Se)eeEl) to indicate a directed
graph IFS and (V, E* i t,r,p, ((Cy, dy))vev, (Se)eeEl) for a directed graph IFS with
probabilities. (V, E* i, t) is the directed graph of any such IFS and we always assume
the directed graph is strongly connected, so there is at least one path connecting any
two vertices. We also assume that each vertex in the directed graph has at least
two edges leaving it, this is to avoid self-similar sets that consist of just single point
sets, and attractors that are just scalar copies of those at other vertices, see [6].
The functions r : E* — (0,1) and p : E* — (0,1) assign contraction ratios and
probabilities to the finite paths in the graph. To each vertex v € V', is associated
a complete metric space (C,,d,) and to each directed edge ¢ € E! is assigned a
contraction Se : Cye) — Cj(e) which has the contraction ratio given by the function
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r(e) = r.. We follow the convention already established in the literature, see [5] or
[6], that S, maps in the opposite direction to the direction of the edge it is associated
with in the graph.

The probability function p : E* — (0,1), where for an edge e € E' we write
p(e) = pe, is such that ZeeE; pe = 1, for any vertex u € V. That is the probability
weights across all the edges leaving a vertex always sum to one. For a path e =
e1eg--- e € E* we define p(€) = pe = PeyPey -+~ De,,- Similarly for the contraction
ratio function r : E* — (0, 1), the contraction ratio along a path e = ejey - - - ¢, € E*
is defined as r(€) = re = e, Tey -+ Te,- Lhe ratio e is the ratio for the contraction
Se : Cye) = Cj(e) along the path e, where Se = S, 0S,, 0---08,.

In this paper we are only going to be concerned with directed graph IFSs de-
fined on n-dimensional Euclidean space, with ((C,,d,))vey = ((R™,]| |))vev, and
where (S, ).cp1 are contracting similarities and not just contractions. For any such
IFS, (V, E* i t,r, (R™] ]))vev, (Se)€€E1), there exists a unique list of non-empty
compact sets (F),)yev satisfying

(Fouer = (U 5.4 ) 21)

ecE]

see Theorem 4.35, [5]. For the 1-vertex case see Theorem 9.1, [10].

We use the notation #V for the number of vertices in the set V, so (R")#V is
the #V-fold Cartesian product of R". Also we write K (R™) for the set of all non-
empty compact subsets of R™ and (K (R"))#" is the #V-fold Cartesian product with
(Fu)uev € (K (R")#

For an IFS with probabilities, (V, E*it,r,p, (R ] ]))vev, (Se)eeEl), there ex-
ists a unique list of Borel probability measures, (i,)uecv, such that

aAdhuey = (32 po (57 (42) ) 22)

e€E}L

for all Borel sets (A, )uey C (R™)#Y, with (supp(jtu))uev = (Fu)uev, see Proposition
3, [16]. For the 1-vertex case see Theorem 2.8, [9].

The non-empty compact sets (F,),cy of Equation (2.1) are often referred to
as the list of attractors or self-similar sets of the IFS and the Borel probability
measures, (i, )uev, of Equation (2.2), as the self-similar measures.

The open set condition (OSC) is satisfied if and only if there exist non-empty
bounded open sets (U, )yey C (R™)#V, with for each u € V, S.(Uye)) C U, for all
e € B} and S.(Uyey) N Sp(Uyyy) = 0 for all e, f € E}, with e # f. See [5], [10] or
[12].

For a set A C R" we use the notation C'(A) for the convex hull of A, and A° for
the interior of A.

The convex strong separation condition (CSSC) is satisfied if and only if for each
u €V, Se(C(Fye)) NSF(C(Fypy)) =0 for all e, f € Ey, with e # f.

If the CSSC holds then the OSC is satisfied by the convex open sets (C'(F,)®)uev,
provided C(F,)° # 0 for each u € V. If however C(F,)° = () for some u € V then

we may always reduce the dimension n, of the parent space R", in which the IFS is



constructed. Note that convex separation conditions are also a natural requirement
in other questions on self-similar sets, see, for example, [7].

The next theorem gives the dimension of the self-similar sets provided the OSC
holds, see Theorem 3, [14] and for the 1-vertex case see Theorem 9.3, [10]. For a set
A C R™, we use the usual notation H*(A) for the s-dimensional Hausdorff measure,
dimy A for the Hausdorff dimension and dimg A for the box-counting dimension.

Theorem 2.1. Let (V, E* i t,r, (R™] |)),,6V,(Se)e€E1) be a directed graph IFS
and (F,)uev the unique list of attractors. Let m = #V and let A(t) denote the
m X m matrix whose uvth entry is

Aw(t) = D> rh.

e€Ey,

Let p (A(t)) be the spectral radius of A(t), and let s be the unique non-negative real
number that is the solution of p (A(t)) = 1.

If the OSC 1is satisfied then, for each uw € V, s = dimyg F, = dimg F,, and
0 < H*(F,) < +oo.

3 A density result

In this section we consider an IFS (V, E*,i,¢,7,p, (R™,] |))vev, (Se)ecr), which
satisfies the OSC, so the conclusions of Theorem 2.1 all hold for the list of attractors
(F)uev. Our aim is to prove the density result of Corollary 3.6. See Theorem
2.3 [8] for a related density result that deals with the more general class of s-
sets. The directed graph is strongly connected so the non-negative matrix A(s)
is irreducible. By the Perron-Frobenius Theorem, see [15], we take h = (h,)l.,
to be the positive eigenvector, which is unique up to a scaling factor, such that
A(s)h=p(A(s))h =h.

We explicitly define the probability function p : E* — (0,1), for each path
e € E* as po = hi_(é)rght(e). Since } cp Pe = Docp hytrihyey = hy ' (A(s)h), =
h;'h, = 1, at each vertex u € V, this defines a valid probability function for the
graph, see Section 2.

For the unique list of self-similar measures (p, )yev, Equation (2.2) is now

(1 (A ey = ( S b ey (57 (AL) ) E (3.1)

ecE)

for all Borel sets (Ay)uey C (R™)#V.
Let v and w be two real n-dimensional (column) vectors, then v < w if and
only if v; < wj; for all i, 1 <7 < n, and similarly for v < w.

Lemma 3.1. Let M be a non-negative irreducible n x n matriz with spectral radius
p(M) = 1. Suppose v = (vi, vy, ...,v,)" is a positive vector such that 0 < v < Mv,
then v = Mv.

Proof. This follows from standard Perron-Frobenius theory, see [15]. O
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Lemma 3.2. (H*(F,))l.y is the unique (up to scaling) positive eigenvector of the

matriz A(s), that is
A(s)(H(F))yey = (H(F))yev-

Proof. Since

) <D H(Se(Fie) = D riH (Fye)) = (A(s)(H(F)iev),,

e€FE} e€E]

it follows that (H*(F,))I.,, is a positive vector for which 0 < (H*(F,))I., <
A(s)(H*(F,))l.y. The matrix A(s) is non-negative and irreducible with spectral
radius p(A(s)) = 1. Applying Lemma 3.1 completes the proof. O

Given Lemma 3.2 we write for brevity h, = H*(F,) for all v € V and put
h = (h,)I, = (H*(F,))I,, to denote the eigenvector of A(s), using any of these
notations as appropriate from now on. The next lemma states that the self-similar
measures of Equation (3.1) are in fact restricted normalised Hausdorff measures.

Lemma 3.3. For each u €V,

H(F,NA)

= h "H(F, N A),

NU(A) =

for all Borel sets A C R™.

Proof. This follows by a routine verification of Equation (3.1) for the list of restricted
normalised Hausdorff measures (h;*H*(F, N A,))uev, where (A,)uey C (R™)#V are
any Borel sets. See Lemma 3.2.3 [3] or [16] for details. O

The notion of an s-straight set provides a useful intermediate step in the argu-
ment that follows, see [4]. A set B C R" is s-straight if

M2 (B) = H¥(B) < +oc.

Here H5,(B) = inf {d 2, |Ui|" : {U;} is a cover of B} is the Hausdorff s-content

where there is no restriction on the diameters of the covering sets.

Lemma 3.4. If B C R™ is s-straight then H*(A) < |A|°, for all H*-measurable
subsets A C B.

Proof. For a contradiction we assume there is an H*-measurable subset A C B such
that 0 < |A]” < H*(A) — e, for some £ > 0. We may find a cover {U;} of B\ A with
Yo Ul < H(B\ A) + 5. Tt follows that B C AU (|J;2, U;), and so

HL(B) < A+ ) |UIT <A+ H(B\A) + 5

< H(A) —5+H8(B\A)+§ — H*(B) — g

This implies HZ (B) # H*(B) which is a contradiction. O



We remind the reader that in this section (F},)ey is the unique list of attractors
of a directed graph IFS, (V, E* i t,r, (R™| ]))vev, (56)6631), for which the OSC
holds.

Lemma 3.5. F,, is s-straight for allu € V.

Proof. For a contradiction assume there exists u € V with 0 < HZ (F,) < H*(Fy).
Consider a vertex v € V, v # u. As the graph is strongly connected we can

always find a path e from the vertex v to u, and suppose such a path has length m,
then Iy, = Ugepm Se(Fi(e)). This implies

Mo (F) < D H(Se(Fye)) = Y meHi(Fue) < Y TiH (Fye)),

ecE™ ecEM ecEM

where the strict inequality follows by our initial assumption, as t(e) = u for at least
one path e € EJ". Applying Lemma 3.2 gives

Hi(Fy) < Z 7n:;;"lS(Ft(te)) = (A(S)m(HS(Fw»gev) =H(F,).

ecky’

This argument may be repeated for any vertex, so 0 < HE (F,) < H*(F,), for all
velV.
Let hpmax = max {h, : v € V} and let € > 0 be given by

e—min{ hr;a", mm{HS(F”> ;HgO<F”) ve V} } (3.2)

For each v € V, we may choose some cover {U,;} of F,, with no diameter restric-
tion, such that > .=, |U,;|* < HE (F,) +e < H¥(F,) —e. For a given 6 > 0, we may
choose k € N large enough so that F, = Ue€E5 Se(Fie)) C UeeEﬁ Se (Ufil Ut(e),,;) =
UeeE’; Ui Se(Uye);) where the last term is a d-cover of F,. By Lemma 3.2,

ZeEE’; h;lrght(e) = h;l (A(S)kh)u = 1, SO ZeEE’; Tg%s(ﬂ(e)) = ZeEEﬁ Tght(e) = hu
and ) 78 > ey

e = hmax :

These results imply

Hi(Fu) < Z Z |Se(Use).i)|” < Z e (M (Fyey) — €) < hu<1 — )

h
. ma.
ecEk i=1 ecEF *

hmax
as this argument holds for any & we may conclude that H*(F,) < hu(l — == ) <

hmax

From the choice of € in (3.2), 0 < € < }‘2&, which ensures % < (1 — == ) < 1 and
F.

h., = H*(F,), which is the required contradiction.

Corollary 3.6. (a) H5(A) < |A|” for all H*-measurable subsets A C F,,

S(A
(b) sup{/}-iiﬁ) : A is ‘H’-measurable, A C F,, |A| > 0} =1




Proof. (a) is an immediate consequence of Lemma 3.4 and Lemma 3.5.

(b) Let a = sup{qﬁfg) : A is H*-measurable, A C F,,|A| > 0}, then from part
(a), o < 1. It remains to show that o > 1.

Given € > 0 we can find a cover {U;} of F,,, such that > 2, |U;|* < H5 (F,)+e =
H*(F,) + ¢, by Lemma 3.5. Each set U; is contained in a closed set of the same
diameter, so we may assume that the cover consists of closed sets which are H?*-
measurable. Also F, NU; is a Borel set and so is H*-measurable, for each 7 € N. As

F, ¢ U2, U;, we obtain,

H(F) <Y H(F.NU) <D alF,NUP <o) U < aH(F,) +¢).

i=1 i=1 i=1

This argument holds for any € > 0, so we conclude that H*(F,) < aH*(F,), and
this, as 0 < H*(F,) < +oo, implies that a > 1. ]

4 The exact Hausdorff measure of attractors of a
class of 2-vertex directed graph IF'Ss

There are few classes of sets for which the exact Hausdorff measure is known so
the work of this section is of interest because, in Theorem 4.6, we give sufficient
conditions for the calculation of the Hausdorff measure of both of the attractors of
a class of 2-vertex IFSs defined on R and illustrated in Figure 4.1. We define I,

au Iu bu a/rv I'U b

(Y

€1 €9 €3

€4

Figure 4.1: A 2-vertex directed graph IF'S defined on R, the similarities S,, Se,, S,
and S, do not reflect.

I, as the smallest closed intervals containing the attractors F,, F,, so C(F,) = I,
{ay,b,} C F, C I, = [ay,b,), with |F,| = |I,| = b, — a,, and similarly at the
vertex v. We assume that all the similarities represented in diagrams in this paper
preserve orientation, that is they do not involve reflections. This means that we may



completely define directed graph IFSs by the use of diagrams. The strictly positive
numbers, a, g,, b, ¢, gy, d, |I,| = a+ g, + b, |I,| = ¢+ g, + d, are as illustrated in
Figure 4.1, and s = dimyg F,, = dimg F},, denotes the Hausdorff dimension of the
attractors. Since the gap lengths g,, g,, are strictly positive the CSSC holds. The
contracting similarity ratios of the similarities are given by

A DR AT
L T T )
Fey = |Ses (£o)] _ ¢ e = |Ses(Lu)] _ i
|1, |1, | L] | L]
The similarities, S, : R = R, 1 <7 < 4, are defined as
561(x) :rel(x—au)—i—au, 562('73) :reg(x_av)+au+a+gu> (4 2)
Ses(X) = res(x — ay) + ay,  Se, () =71e,(x — ay) + ay + ¢+ g, '

as illustrated in Figure 4.1.

The arguments we use in this section are based on those given by Ayer and
Strichartz in [1] for 1-vertex IFSs, particularly Lemmas 2.1, 3.1, 4.1 and Theorem
4.2 of that paper but the arguments for directed graph IFSs are much more involved.
See also Theorem 7.1, [13].

We reserve the letter J to denote a closed interval in all that follows and we also
assume that |J| > 0. The density of an interval J C I, is defined as

) HA(EN )

d’uJ— s T ER)
D=0 = m@E) )

and for J C I, as
_ () _ HA(F N J)

T RH(E) I
The maximum density for the intervals of F, is the number sup{du(J ):J C ]u},
and for the intervals of F), is sup{dv(J) :J C Iv}.

We now prove a series of technical lemmas which lead up to Theorem 4.6, starting
with an immediate consequence of Corollary 3.6 of the preceding section.

dy(J)

Lemma 4.1. For the 2-vertex IFS of Figure 4.1,

1 S 1
(F) ™ [L]”

sup{d,(J): J C I,} = Hsl !

supidy(J): J C I, } = P 5 -
1)) Vo ) 7 L]

In Lemma 4.2 we collect together some useful densities for future reference.
We use the eigenvector notation established in Section 3, with h = (h,, h,)T =

(H*(Fu), 1o ()"
Lemma 4.2. For the 2-vertex IFS of Figure 4.1,

1 h, 1
(a) du(ly) = du(Se, (1u)) = ’Iu‘s’ (b) du(Se, (1)) = h_u|]—'u|8,

1 h, 1
(C) dv<]v) = dv(563<]v)) = |[v|sa (d) dv(Se4(IU)) = h_v|1u|87



() J C Sey(La), du(S;' () = dulJ), (£) J C Sey(1n), -du(SL, () = du(J),

(8) J C Ses(L), do(S, (1)) = du(J), (h) J C Se,(Lu),

e3
Proof. We prove (h), the other parts can be proved in much the same way.

He(F, )?P(F’FLS (J» _ (S, (S (F) N )

h, 5 ) = e E) w5 T HE) ST
roH (S, ( )mJ) H(F,NT)
HS( 'U) e4 |J| - %S(Fv) |J|S B dv(J) :

The value of Z—Z can be calculated using Lemma 3.2, which states that
T;l rzg h‘u _ hu
(%) G- (i) =

Y (4.4)

and this implies

In Lemma 4.3 there is a good reason for the choice of functions f, and f,.

we were instead to use l,(x,y) = = +g+iy and [,(x,y) = (xi;ﬁy then, in order
ol®

to obtain [,(a,b),l,(c,d) < 1, we would require h"'l[ 5= 1 and this is a much more
restrictive condition than (1). Also it is not obvious how such a condition could be

checked.

Lemma 4.3. For the 2-vertex IFS of Figure 4.1, let

P:{(x,y):() r<a,0<y<b}\{(a,b)},
Q={(r,y):0<z<c,0<y <d}\{(c,d)},
B a:+hy an . :c+hy
fu(mﬁy)_ (ZB—i-gu—l-y) I d fv( y) ($+gv+y)

Suppose the following three conditions hold,

_ he (a+gu)([1u]” — a®)
W =L, @ < ©) (L[ —ed .
then
(a) fu(aab> = fv(ca d) = 17
(b)  fulz,y) <1, for all (z,y) € P.
(¢) folz,y) <1, forall (x,y) € Q.
Proof. (a) From the definition of f,,
B +Z—st R % s, +h |L," 72,
R A (b (8:4)
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1 S |]U|8 s 1 s s
B h_u <relh'u + |]u|3r62hv> N h_u(r€1hu + T€2hv) <by (1))

—1 (by (4.3)).

In the same way it can be shown that f,(c,d) = 1.
Parts (b) and (c) can be verified using calculus. To give a rough idea of the type
of argument involved, let y,.x be the point at which the maximum value of f,(a, )

NN
occurs. It can be shown that “zex — ((a+gu)l()\$| - )) =+, 50 if (3) holds #max > 1. As

fula,y) strictly increases up to ymax and f,(a,b) = 1, it follows that f,(a,y) < 1 for

all (a,y) € P. See Lemma 3.4.4 [3]. O
Iu IU
-_— Ju 9o —
a:u yu x'U y'U
J'LL J'U

Figure 4.2: The intervals J, and J,.

The next two lemmas give important results which we will apply in the proof of
Theorem 4.6 which follows immediately after.

Lemma 4.4. For the 2-vertex directed graph IF'S of Figure 4.1, let J, = [u, u,]
C I, be an interval where u; € S, (I,) and u, € Se,(1,), with d,(J,) > 0. Let
Jy = [v,v.] C I, where v; € S, (I,) and v, € Se,(I,), with d,(J,) > 0. Suppose also
that the conditions of Lemma 4.3 hold.

(a) If J, # I, then

du(J,) < max { dy(I, N S (), du(L, 0SS (W) } -
(b) If J, # I, then

dy(Jy) < max { dy(L, NS (), du(Ly NS () }-

Proof. Typical examples of the intervals J, and J, are illustrated in Figure 4.2 where
they span the gaps between level-1 intervals. The lengths x,, Y., T., y», also shown
in Figure 4.2, are defined as

Loy = |Sel(lu) N Ju| y Yu = |Sez(jv) N Ju| y Ly = |Se3(Iv> N Jv' y Yo = |Se4(]u) N Jv| .

As we are assuming d,(J,) > 0, at least one of z, or y,, or both, will be strictly
positive, and similarly for z, and ,,.

CW(E.N L)
(a) du(Ju) = W (E)

10



CH(Fu N (Se, (1) N ) + H(Fu 0 (Sey(1,) N L))

B H( u>|J|

8o (1) Nl du(Sey (1) N ) + [Ses (1) 0 ul du(Sey (L) N )
| Tu[*

_ 2du(Se, (Lu) N Ju) + Yadu(Se, (1o) N Ju)
(#u + Gu + Yu)® '

Applying Lemma 4.2(e), (f), and Lemma 4.3(b), we obtain,

w5 d (L, NS (JW) + f2ysdy (1, 0S5 (Ju))
(Zu + Gu + Yu)®
x, + hvyu 1 -1
< ((xu T ) max { du(I. NS, (Ju)), do(Iy NS, (Ju)) }
= fu(Ty, yu) max { du (L N Se:l(JU)L dy(1, N Se;1<JU)) }
< max { dy(L, NS (Ju)), do(L, NS (JW)) }.

The proof of part (b) is similar to that given in part (a), applying instead Lemma
4.2(g), (h), and Lemma 4.3(c). See Lemma 3.4.5 [3]. O

We now consider sup{d,(J) : S.,(I,) C J C I,}. As shown in Figure 4.1,
I, = [ay, by), and S, (1) = [ay, a, + al, so
H(Fy N [ay, 7))
He(Fu)(r — au)®

sup{dy(J) : Se,(I,) C J C I} = sup{ x € [a, + a,bu]} :

. H? (FuN|aw,z])
The function T ) o—an)

[a, + a,b,], where a > 0, so it is bounded and attains its bound for at least one xy €
[a, + a,b,]. For such g, we may define an interval L, = [ay, zo], Se,(I,) C L, C I,
which satisfies,

is a continuous function of z on the compact interval

dy(Ly) =sup{d,(J) : Se,(1,) C J C I} (4.5)
Similarly intervals L,, R,, R,, exist for which the following equations hold,

dy(Ly) = sup{dy(J) : Se;(I,) C J C I}, (4.6)

du(Ry) = sup{dy(J) : Se,(I,) C J C I,,},

dy(R,) = sup{d,(J) : Se,(I.) C J C IL,}. (4.8)

Some possible candidates for L., L,, R,, R, are illustrated in Figure 4.3.

Lemma 4.5. For the 2-vertex IFS of Figure 4.1, let the intervals L, L,, R,, and R,
be as defined in Equations (4.5), (4.6), (4.7), and (4.8), and suppose the conditions
of Lemma 4.3 hold.

Then
1 1
(a) dU(LU) = |Iu‘87 (b> dU(Lv) = |Iu|37
1 h, 1
(c) du(Ry) = |]u|s7 (d) du(R,) = h_v |[u|S

11



Figure 4.3: Some possibilities for the intervals L., L,, R,, and R,.

Proof. (a) As stated in Lemma 4.2(a), d,(I,) = d.(Se, (1)) = ﬁ, which implies,
from the definition of L, in Equation (4.5), that d,(L,) > | Ii‘s. For a contradiction
we assume dy(L,) > # Clearly Se,(I.) & L. & I.. Also if the right hand
endpoint of the interval L, were to lie in the gap between the intervals S, (I,)) and

Se, (1) then d, (S, (1,)) > du(L,) which contradicts our assumption, so the right
hand endpoint of L, lies in S,,(1,). This is the situation illustrated in Figure 4.4.

Lu,2

Figure 4.4: The intervals L,,, L, 1, and L, .

Applying Lemma 4.4(a), we obtain
du(Ly) < dy(1, N S (L),
since dy (I, N SN (Ly)) = du(I) = ﬁ < dy(L,). If necessary, by repeatedly apply-

ing the expanding similarity S_;' to the interval I, N S_'(L,), we must eventually

12



arrive at an interval L,, 1, which is not contained in the interval S,,(I,), where L, ; =
SIS, (Ly)), for some m > 0. By Lemma 4.2(g) d,(S.," (1, N S, (Ly))) =
dy(1, NS (Ly)) so

du(Ly) < dy(Ly1)- (4.9)

and so d,(Ly1) > ﬁ Again the right hand endpoint of L, ; cannot lie in the gap
between the intervals S, (I,) and S, (I,) for then, d,(Se,(1,)) > dy(Ly1) > ﬁ
This is impossible because d,(Se, (1)) = ﬁ, by Lemma 4.2(c) and condition (1)

of Lemma 4.3. Similarly since d,(I,) = #, again by Lemma 4.2(c) and condition

(1) of Lemma 4.3, we cannot have L,; = I,. Therefore S,,(1,) G Luy & I,. The
situation is shown in Figure 4.4 for m = 1.
Now we may apply Lemma 4.4(b), to obtain

dy(Ly1) < dy(I, N S;ll(Lu’l)),
as dv([vﬁSe_;(Luyl)) =d,(I,) = ﬁ < dy(Ly ). If necessary, by repeatedly applying
the expanding similarity S_! to the interval 1,NS, ' (Ly,1), we must eventually arrive
at an interval Ly, with S, (1,) C Ly2, where Ly = S (I, NS (Ly,1)), for some
n > 0. The situation is illustrated in Figure 4.4 for n = 1. By Lemma 4.2(e)
du(Lys2) = dy(1, NS (Ly,1)) so

dv(Lu,l) < du(Lu,Z) (410)

From the definition of the interval L, in Equation (4.5), dy(Ly2) < dy(L,), which
together with Equations (4.9) and (4.10) gives

dy(Ly) < dy(Lyy) < dy(Ly2) < dy(Ly).

This contradiction completes the proof of part (a).

The proof of part (b) is symmetrically identical to that of part (a). The proofs of
parts (c) and (d) are slightly more involved but very similar in method. See Lemma
3.4.6 [3]. O

The next theorem enables the calculation of the Hausdorfl measure of both of
the attractors of a class of 2-vertex IFSs.

Theorem 4.6. For the 2-vertex IFS of Figure 4.1, where s = dimyg F,, = dimyg F},,
suppose that the following conditions hold,

1— 7 S g
T61 < 1’ (3) ((I + gu)[()|‘["l| a )
aS

> 1.

@) =1Ll @) —

Then

1—r;
W) = LI and (R = 11 ()
€2
Proof. Recall throughout this proof that h, = H*(F,), h, = H*(F,) and that con-
dition (2) is the same as condition (2) of Lemma 4.3 since 2+ = St by (4.4).

s
u 7'62

13



For any interval J C I, with d,(J) > 0, we aim to show that d,(J) < +
then, by Lemma 4.1, the maximum density will satisfy
1 1

Sup{du(J) cJ C Iu} = H(F) = TAR

By Lemma 4.2(e), for any interval J C I, dy(J) = du(S,,'(Se,(J))) = du(Se, (J)),
so it is enough to prove d,(J) < | th for any interval J contained in a first level
interval.

Let J C I, be any interval contained in one of the level-1 intervals S, (Iu) or
Se,(I,) with d,(J) > 0. Operating on J with the expanding similarities S_ !, S_!
563 , St . » as necessary, we must eventually arrive at an interval J, C I, or J C I,
which is not contained in any level-1 interval.

For the moment we make the assumption that the endpoints of .J, and J, lie in
level-1 intervals so that they span the gaps between the level-1 intervals as illustrated
in Figure 4.2.

For J, C I, the maps S and S must be applied an equal number of times
to the interval .J, and so the scaling factors of b and Z“ in Lemma 4.2(f) and (h)
will cancel each other out. This means, by Lemma 4.2(e), (f), (g) and (h), that

du(J) = du(Ju). (4.11)

If J, = I, then d,(J,) = |[ T
Applying Lemma 4.4(a) gives

by Lemma 4.2(a), so we may assume J, # I,,.

d,(J) = dy(J,) < max { d,(L, N S (J), do(I,NSHT)) } - (4.12)

For J, C I,, the map S must have been applied exactly one more time to the
interval J than the map S 1, so a factor of Z will occur by Lemma 4.2(f). This
means, by Lemma 4.2(e), (f), (g) and (h), that

dy(J) = 7=du(J). (4.13)
If J, = I, then Z—Zdv(Jy) = Z_leils \I 77> by Lemma 4.2(c ) and condition (2), so
we may assume J, # I,. Applying Lemma 4.4(b) gives
hv hv —1 —1
dy(J) = h—udv(Jv) < jy, nax {d,(I, NS (J)), du(L.N S () }- (4.14)

We now determine upper bounds for the densities (a) dy(I, N S;'(J.)), (b) dy(L, N
S (W), (¢) do(I, NS Jy)), and (d) dy (L, NS, (Jy)), considering each in turn.

€2
(a) du(L, NS ()) < e
Expanding the interval I, N .S_'(.J,), if necessary, we obtain an interval J, 1, not
contained in any level-1 interval, where one of the following two possibilities hold,

(i) Sey(Ln) C Jug = ((S.,' o SH™) (Lu N SN (JW)) C L,
(i) Sey(Lu) C Jug = (S, 0 (S o S (LN S, () C L,
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for m,n > 0. For (i), using Lemma 4.2(f) and (h), and Lemma 4.5(c), we obtain,

du(L, N SN () = du(Jun) < du(Ry) = —.

For (ii), using Lemma 4.2(f) and (h), and Lemma 4.5(d), we obtain,

N hv h’U h’u h'u, 1 1
d“<[“ n Se11(‘]u>> = h_dU(Ju,l) < h_dv(Rv) = — ’] |S = |] |sa

In both cases

(b) du(L, N S () < -
Expanding the interval I, NS_'(J,), if necessary, we obtain an interval J,; C I,
not contained in any level-1 interval, with

563(11}) C Ju,l = ((S_l)m) (IU N Se_zl(‘]u)) C [va

€3

for m > 0. By Lemma 4.2(g) and Lemma 4.5(b),

dy(I, NS, () = do(Ju1) < do(Ly) =

(c) dy(I, NS, (Jy)) < Z—Zﬁ
Expanding the interval I, N Segl((]v), if necessary, we obtain an interval .J, 1, not
contained in any level-1 interval, where one of the following two possibilities hold,

(i) Se,(Lu) C Joq = ((S5,' 0 S.N™) (LN S (Jw)) C Lo,

(i)  Se,(Ln) C Joq = (5., 0 (S, 0 S.)™) (LN S (Jy)) C L,
for m,n > 0. For (i), using Lemma 4.2(f) and (h), and Lemma 4.5(d), we obtain,
h, 1

du(Iv ﬂ S;;l(Jv)) = dv(']v,1> g dU(Rv) g h—W

For (ii), using Lemma 4.2(f) and (h), and Lemma 4.5(c), we obtain,

h h h, 1
dy(I, N S7HT)) = —dy(Jy1) < —dy,(R,) = ———.
( e3 ( )) hv ( ,1) hv ( ) hv |Iu|8
In both cases
du(I, N S (J)) < L
(% v es v h,u |Iu|s

(d) du(La N SH()) < i
Expanding the interval I, N S;ll(Jv), if necessary, we obtain an interval J, ; C I,
not contained in any level-1 interval, with

Ser (L) C oy = ((SS™) (1, N SZH()) € L,

€1
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for m > 0. By Lemma 4.2(e) and Lemma 4.5(a),

dy(L, NS, () = du( o) < du(Ly) =

This completes the proof of parts (a), (b), (c) and (d). Putting the results of
parts (a) and (b) into Equation (4.12) gives

du(J) = du(J,) < max { dy(I, NS (Ju)), do(1, NS (Ju)) } < ﬁ

Putting the results of parts (c¢) and (d) into Equation (4.14), remembering that
by condition (2), Z—’: > 1, gives

hv v — —
dy(J) = h—dv(Jv) < - max {d,(I, NS (), du(l.N SN T)) }
hyhy 1 1
< P s — s
ha b | L] | L]

It only remains now to consider those situations where J is expanded into an
interval J, C I, or J, C I, but where one of the endpoints of J, or J, lies in a gap
between level-1 intervals. The situation with both endpoints of J, and J, being in
gaps cannot happen as we are assuming d,(.J) > 0.

Suppose the right-hand endpoint of J, lies in the gap between S, (1) and S, (I,)
then by Equation (4.11), Lemma 4.2(e) and part (a)

u(J) = du( ) < du(Su (1) A T) = du(Lo 1 S (1)) < ’]1|S.

If the left-hand endpoint of J, lies in the gap between S, (I,,) and S,,(l,) then by
Equation (4.11), Lemma 4.2(f), part (b) and (2)

hy,
du(J) = dy(Ju) < du(Se, (1) N Jy) = h—dv(Iv NS, (Ju)) < AR
If the right-hand endpoint of J, lies in the gap between S, (1,) and S, (I,) then by
Equation (4.13), Lemma 4.2(g) and part (c)

h h h hy hy 1 1
dy(J) = —dy(J,) < —dp(Ses(I,) N Jy) = —dp(I,N S (J) € = = —.
( ) hu ( ) < hu ( 3( ) ) hu ( €3 ( )) hu hv ’[u| ‘[u|
Finally if the left-hand endpoint of J, lies in the gap between S.,(I,) and S, (1)

then by Equation (4.13), Lemma 4.2(h), and part (d)

h h hy h 1
dy(J) = 72dy(Jy) < 7dy(Se, (1) N Jy) = = —du(1. N S, (J) < -
Therefore in all cases ]
dy(J) < —3.
| 1]
This completes the proof that H*(F,) = |[.|’. The expression for H*(F,) now
follows immediately by Equation (4.4). O
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Figure 4.5: A 2-vertex directed graph IF'S defined on the unit interval, the similarities
Seys Seyy Sey and S, do not reflect.

For the rest of this paper we only consider a subclass of the class of 2-vertex IFSs
shown in Figure 4.1 where a,, b,, a, and b, take the specific values a, = a, = 0 and
b, = b, =1, so that [, = I, = [0,1] and |I,| = |I,| = 1. For these 2-vertex IFSs
defined on the unit interval and illustrated in Figure 4.5, condition (1) of Theorem
4.6 always holds. By Equations (4.1), the contracting similarity ratios of these IFSs
are
=a, Te=0b Te=c T =4d, (4.15)

and by Equations (4.2), the similarities are

Tey

Sel(l‘) =T, Seg(x) :7‘@2x+a+gu, (4 16)
Ses() = 1oy, Se,(T) = 1@ + ¢+ gy ’

0 02 0.4 0.6 08 i
Figure 4.6: A plot of W.

We finish this section with a few such examples to show that the conditions of
Theorem 4.6 do in fact hold for a wide range of parameter values. Consider the 2-
vertex IFS of Figure 4.5 and let a = %, Ju = % and b = % which we keep fixed. By
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varying the other three parameters ¢, g, and d we may let the Hausdorff dimension
s range between 0 and 1. The graph of Figure 4.6 shows clearly that once condition

(3) holds it continues to do so as s increases. Puttimg1 c= %, Jo = %, d= 7—73, the
—T

Hausdorff dimension is s = 0.4934118279, and Z—Z = — = 0.5486642748 < 1 by

(4.4) so (2) holds, and (3) holds because WM = 1.003400992 > 1. Now

increasing ¢ and d will increase the Hausdorff dimension and so (3) will continue to
hold but eventually (2) will fail. As an example let ¢ = 2, g, = &, d = 2 this gives
a Hausdorff dimension of s = 0.7990855723 but (2) fails because Z—Z = 1.152194154.

Overall then this brief analysis does confirm that conditions (1), (2), and (3) of
Theorem 4.6 will hold for a wide range of values of the parameters. Thus we have
identified attractors of a class of 2-vertex IFSs for which the Hausdorff measure is

known.

5 Gap lengths

In this section we only consider IFSs, (V, Ex i tyr, (R, ]))vev, (Se)eeEl), for which
the convex strong separation condition (CSSC) holds. The attractors of such IFSs
can be written as (F,)uey = Npeo(FF)uey, where F¥ denotes the set of level-k
intervals at the vertex u, see Subsection 2.2.1 [3], for the l-vertex case see [10].
Some level-k intervals are illustrated for a 2-vertex IFS in Figure 7.1. The CSSC
ensures that if there are n edges leaving a vertex u then the level-1 intervals, F!,
will consist of n disjoint intervals which will have n —1 open intervals between them.
That is I, \ F! = /= J}, where I, = C(F,) and each J} is an open interval. The
set of level-1 gap lengths at the verter u is defined as

n—1
Gl = {‘JH : J} is an open interval in I, \ F} = U Jil}. (5.1)
i=1

In general I, \ F} is a finite union of open intervals so I, \ Fjy = ey, JF, for some
finite indexing set Hy. The set of level-k gap lengths at the vertex u is defined as

GF = {}Jﬂ : JF is an open interval in I, \ F¥ = U Jf}
1€ Hy,
It follows that I, \ F\, = I, \ (Mezo Fir) = Upeo I \ EY. Since I, \ Ff = Uy, JF,
for some finite indexing set Hy and open intervals Jf it is clear that I, \ F, can be
written as a countable union of open intervals, I, \ F, = U;’il J;. We define the

uniquely determined set of gap lengths of the attractor F, as
G, = U G = {|JZ| : J; is an open interval in I, \ F, = U Ji}.
n=1 =1

We now give an alternative description of the set G,,. For each edge e € E! let
R. : R — R be the map R.(z) = r.x, where r, is the contracting similarity ratio of
S.. Let f: (K(R))* — (K(R))#V, be the map defined by

F(ade) = (U Rta) v )V

ecE}l
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for each (Ay),cy € (K(R))#V. Here the sets of level-1 gap lengths, (G))uev, which
are called condensation sets in [2] for standard (1-vertex) IFSs, are clearly non-empty
and compact so (GL),cy € (K(R))#Y. It can be shown that f is a contraction on
the complete metric space ((K(R))#Y, Dy), where Dy is the metric defined as the
maximum of the coordinate Hausdorff metrics, see Theorem 9.1, [2], for a proof for
1-vertex IFSs. As

(G0N = (U RiGayuon U 6L ) (52)

e€E]

the Contraction Mapping Theorem ensures that (G, U {0}) ., is the unique fixed

point of f. The invariance Equations (2.1) and (5.2) show clearly the close relation-
ship between attractors and their sets of gap lengths.

At a given vertex u we can write the set of gap lengths in terms of similarity
ratios of paths in the graph and level-1 gap lengths as

G, = U gu{l,re:e€ E;,} U U gu{re € € E;,}.
gu€GY VeV
vFEU
ngGll,

For an IFS, (V, E* it r (R, | D)vGV;(Se)eEEl)a for which the CSSC holds,
Proposition 2.3.6 [3] gives a constructive algorithm for calculating the set of gap
lengths of any attractor as a finite union of cosets of finitely generated semigroups
of positive real numbers. The generators of these semigroups are contracting sim-
ilarity ratios of simple cycles in the directed graph. The algorithm works for any
such IFS with no limit on the number of vertices in the directed graph.

We use the notation (R*, x) for the semigroup of positive real numbers under
multiplication. For z; € R, 1 < i < j, (1,21,%9,...,7;) is the finitely generated
subsemigroup (with identity) of (R*, x), where (1,21, xo,...,2;) = {z} 25> .. xf] ;
ki € NU{0}, 1 <i < j} and for y € RT we write y (1,21, 29, ..., x;) for a coset with
y (1,20, 29,...,1;) = {yaak?.. xf’ ck; € NU{0}, 1 <@ < j}. We will use the
notation (21,22, ..., )) youp = {ahrahe .. xf’ c ki € Z,1 < i < g} for the finitely
generated group, the group operation again being multiplication.

Applying the algorithm of Proposition 2.3.6 [3], or alternatively by inspection,
the gap lengths of the attractor F, of the 2-vertex IF'S of Figure 4.5 can be expressed

as

G, = gu{l,re ‘e c€ E;u} Ugv{re e € E:;U}
= gu (1,a,bd) U g,bd (1,a,bd, c) U g,b(1,a,bd,c)
=gu(l,a) Ug,bd(1,a,bd,c)Ug,b(1l,a,bd,c). (5.3)

The generators of these semigroups are contracting similarity ratios of the simple
cycles in the graph with r., = a, 7¢,7., = bd, and r., = c.

Let (V, E*it,r, (R, ]))vev, (Se)eeEl) be any 1-vertex IF'S, for which the CSSC
holds, and which has n edges leaving its single vertex then, as given in Equation
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(5.1), the level-1 gap lengths are G* = {g; : 1 < j < n — 1} and the gap lengths of
the attractor F' are given by

n—1

G = Ugj (1, Ty Tegy vy Tep ) s (5.4)

Jj=1

where g;,r., € RT, and r.,, 1 <1 < n, are the contracting similarity ratios of the n
similarities (Se)ecpi. See Corollary 2.3.8 [3].

In the next section we use these expressions for gap lengths as a means of distin-
guishing between the attractors of 2-vertex IFSs and the attractors of 1-vertex IFSs

for which the CSSC holds.

6 Attractors of directed graph IFSs that are not
attractors of standard IFSs for which the CSSC
holds

We now simplify the 2-vertex IFS of Figure 4.5 even further by taking the similarities
Se, and S, to have the same similarity ratio. That is we put b = r., = r., = d.
The gap lengths of the attractor F, are now

Gu = Gu <17 CL> U gubz <1a a, bzv C> U gvb <]-7 a, an C> ) (61)

by Equation (5.3). From Equations (6.1) and (5.4), to prove that F, is an attractor
which cannot be the attractor of any standard (1-vertex) IFS, for which the CSSC
holds, it is enough to prove Lemma 6.1. This shows that G, cannot be the set
of gap lengths of any 1-vertex IFS for which the CSSC holds. We state this for-
mally in Corollary 6.2. We will need the following notion of multiplicative rational
independence.

Let U = {uy,us,...,u.} be a set of positive real numbers, then U is a multi-
plicatively rationally independent set if, for all integers m; € Z, > m;lnu; = 0
implies m; = 0 for all ¢, 1 < i < r, or equivalently if [[}_, u;"* = 1 then m; = 0 for
all i, 1 <i<r.

Lemma 6.1. Let {gy, gy, a,b,c} C RT be a multiplicatively rationally independent
set. Then

m

gu(1,a) U g,b* (1,a,b*,c) U g,b(1,a,b° c) # U hi (1,21, @2, ..., &y),

j=1
for any hy e RT, 1 <j<m, and any z € RT, 1 <k < n.

Proof. For a contradiction we assume there exist positive real numbers h;, 1 < j <
m, and x, 1 < k < n, such that

gu (1,a) U g,b* <1,a, b2,c> U gvb<1,a,b2,c> = U hi (1,21, 29, ...,2,) . (6.2)
j=1
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This can be written as g,AU g,B = U;n=1 h; (1,21, x9,...,x,), where

A= (1,a) Ub <1,a,b2,c> = {apbzqc’" :p,q,r € NU{0}, if ¢ =0 then r = 0},
B=0b(1,a,b*,c)y ={ab**'¢" :p,q,r e NU{0}}.

(a) guAN g,B = 0.

If g,AN g,B # 0, then there exists * € g,A N g,B with z = glglaP1p?nc =
gVgtaP2b?2 12 which, by the rational independence of the set {g., gv, a, b, c}, im-
plies 1 = 0. This means that for any h;, 1 < j < m, either h; € g,A or h; € ¢,B
but not both, so we consider each case in turn in parts (b) and (c).

(b) h; € guA implies hj(1, 21,29, ...,%,) C g, A and (1,21,29,...,2,) C (1,a,b? c).

Suppose h; € g,A then h; = gta®b**2¢*. Let z € (1,21, 29, ...,2,). Assume
hjx € g,B then hjz = gla®b*2c%x = gla®1v?P2+1c% and so x is given by z =
gy tglaPimeanptBrmaa)tlcli—as where we are now considering @ € (gu, o, @, b, €) group-
Consider any k € N with k& > 2, then the exponent of g, in h;z* is k. Either
hjz* € g,A or hjz* € g,B. If hja* € g,A then by rational independence k = 0,
which is a contradiction and if h;z* € g,B then by rational independence k = 1
which is again a contradiction. Therefore h;z ¢ g,B and so h;x € g,A.

We now write h;x as hjx = gla®b**2c*z = gla®b*P2¢%, with x given as
x = ahrmapAPame2)fimas where strictly speaking we are again considering z €
(Gus Gos @, b, C) group- For any k € N, the exponent of g, in h;z* is 1 and so by rational
independence, if h;z* € g,B, then 1 = 0, which implies h;z* € g,A, and h;z* =
glaetkBr—an) p2ast2k(Bo—az) casth(fs—as) — gl go1(k)p202(k) 93(k) where §;(k), 5o(k),03(k)
€ NU{0}. Again by rational independence we may conclude that oy +k(51—ay) = 0,
202 + 2k(f2 — ) > 0, and a3 + k(B3 — a3) = 0, for all k € N. Hence ; — oy > 0,
By —as =0, B3 —as = 0so that z € (1,a,b? ¢). In summary we have shown that
h; € g,A implies h;x € g,A for all v € (1,21,%9,...,2,), and (1,1, 29,...,2,) C
(1,a,b%,c).
(¢) hj € g, B implies hj{1,x1,22,...,2,) C g,B and (1,21, 2, ...,2,) C (1,a,b? c).

The proof is very similar to part (b), see Lemma 2.6.1 [3].

Relabelling the h; if necessary, the results of parts (a), (b) and (c) imply that the

set {hy, ha, ..., hy} must split into two non-empty subsets, {hi, ho,...,h,} C g, A
and {hy41, hri2y ..., hin} C g B, with

guA = Uhj (Lzy,z9,...,Tp) (6.3)
j=1
g’L)B: U h] <1,I1,[E27...,$n>,
j=r+1
where (1,21, Tg, ..., 2,) C (1,a,b? c).

(d) At least one of the generators x, 1 < k < n, of the semigroup (1,21, 2, ..., x,),
is of the form x;, = ¢, for some t € N.

We recall that g,A = g, {aPb®c" : p,q,r,€ NU{0}, if ¢ = 0 then r = 0}, so
that g,b%c™ € g, A for all m € N. Considering M € N as fixed, then from Equation
(6.3)

gub?cM = ha'taly - ain (6.4)

n
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for some hs € g, A, 1 < s < r, and non-negative integers i, € NU{0}, 1 < k < n. For
a contradiction we now assume that none of the zp, 1 < k < n, is of the form x; =
¢!, t € N. Rational independence and the fact that (1,2, zs,...,2,) C (1,a,V? ¢),
then implies that hy, = g,c? and z;, = b?c?, for some k, 1 < k < n, with i, = 1 and
iy = 0 for all [ # k, and where p,q € NU {0}, with p + ¢ = M. That is Equation
(6.4) reduces to g,b?c™ = h,x). Since we only have a finite number of generators in
the semigroup (1, 21, x9, ..., z,) and a finite set of numbers {h; : 1 < i < r}, we can
only produce at most r x n distinct numbers of the form g¢,b*c™, on the right-hand
side of Equation (6.3). Therefore

{gubQCm :m € N} 7 Uhj (1, 21,29, ...,2n),

J=1

but
{gubZCm tm € N} C g A.

This contradiction of Equation (6.3) means our assumption is false and at least one
of the generators xj, 1 < k < n, must be of the form z;, = ¢!, for some ¢t € N.

(€) gua & Uiy by (1,21, 2, ., ).
From the result of part (d), relabelling the xy, if necessary, so that z; = ¢!, t € N,
we may write Equation (6.3) as

guA = Ju <17 CL> U gub2 <1> a, b27 C> = U hj <17 Cta L2y - - 7xn> )
j=1

where (1,c, xy,...,2,) C (1,a,b* c). Now g, (1,a) N g,b*{(1,a,b* c) = 0, by the
rational independence of the set {gu, g, a,b,c}, so for each j, 1 < j < r, either
h; € g, (1,a) or h; € g,b*(1,a,b* ¢) but not both.

Suppose h; € g,(l,a), then h; = g,a” for some k € N U {0}. It follows,
again by rational independence, that h;c = g,a*c" & g, (1,a) and h;c' = g,a*c ¢
gub? (1,a,b% c), that is h;c" ¢ g,A. This contradiction means h; € g,b*(1,a,b? ¢c)
for each j, 1 < j < r, and so we may write h; as h; = g,b%a"b*ic™i| for some
ki, l;,m; € NU{0}. The rational independence of the set {gu, g», a,b, c}, together
with the fact that (1,c', o, ..., 2,) C (1,a,b? c), implies that

Gutt ¢ Ugubzakjbmjcmj (1, 20, .. 2y) = Uh" (L, zy,29,...,2y) .
i=1

J=1

As g,a € g,A, this is again a contradiction of Equation (6.3). Therefore our
original assumption is false, that is Equation (6.2) does not hold. O]

Corollary 6.2. For the 2-vertex IFS of Figure 4.5, but with b = d, if the set
{Gu; g, @, b, ¢} C R is a multiplicatively rationally independent set, then the attrac-
tor at the vertex u, F,, is not the attractor of any standard (1-vertex) IFS, defined
on R, for which the CSSC holds.
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The next theorem generalises Corollary 6.2 to a large class of directed graph
IF'Ss, with any number of vertices, provided the directed graphs contain a particular
subgraph. The proof is omitted but it is similar to the proof of Lemma 6.1, see
Theorem 2.6.3 [3].

The vertex list of a path e = e -+ e, € E* is v1v9v3 -+ - vy = i(eq)t(e1)t(eq) - - -
t(ex). A simple path visits no vertex more than once, so a path e = ey ---¢, € E*
is simple if its vertex list contains exactly k& 4 1 different vertices. A simple cycle is
a cycle which visits no vertex more than once apart from the initial and terminal
vertices which are the same, so if e = e; - - - ¢, € E* is a simple cycle then i(e) = t(e)
and its vertex list contains exactly k different vertices. We say that two distinct paths
are attached if their vertex lists contain a common vertex or vertices. We also say
that a path e is attached to a vertex v if v is in the vertex list of e. A chain is a finite
sequence of distinct simple cycles where each simple cycle in the sequence is attached
only to its immediate predecessor and successor cycles and to no other cycles in the
sequence. A chain attached to a vertexr v is a chain of distinct simple cycles such
that the first cycle in the sequence is attached to the vertex v and thereafter no
other cycle in the chain is attached to v.

Theorem 6.3. Let (V, E*,i,t,7,(R,| |))vev, (Se)ecr) be any directed graph IFS,
satisfying the CSSC, whose directed graph contains three distinct simple cycles cy,
Co, and c3, such that cy is attached to a vertex u, cocs is a chain of length 2 attached
to u and no chain in the graph, attached to u, contains both c; and c3. Let X, C RT,
be the set of gap lengths and contracting similarity ratios

Xu=A{9w,Teimp 9w €Gy,weV,c;eT, pe D}, veV, v#£u},

uv?

where G is the set of level-1 gap lengths at the vertexw € V, T = {c; : i € I}, the
set of all simple cycles in the graph, and D), C E . is the set of all simple paths
from the vertex u to the vertex v.

Suppose the set X, is multiplicatively rationally independent, then the attractor

at the vertex u, F,, is not the attractor of any standard (1-vertex) IFS, defined on
R, for which the CSSC holds.

We can take the simple cycles of Theorem 6.3 to be c; = €1, co = esey and
c3 = eg, for the edges e;, 1 < @ < 4, of the 2-vertex IFS of Figure 4.5. This
means Theorem 6.3 immediately yields the next corollary, with the set X, =
{Gu, gv, @, bd, c,b}. The set X, is multiplicatively rationally independent if and only
if the set {gu, gv, a, b, ¢, d} is multiplicatively rationally independent.

Corollary 6.4. For the 2-vertex IFS of Figure 4.5, if the set {gu, gv,a,b,c,d} C RT
15 a multiplicatively rationally independent set, then the attractor at the vertex u,
F., is not the attractor of any standard (1-vertex) IFS, defined on R, for which the
CSSC holds.

7 Attractors of directed graph IFSs that are not
attractors of standard IFSs

Before proving Theorems 7.4 and 7.5 we first give some important consequences of
H*(F,) = |I,|° in Lemmas 7.1 and 7.3. The arguments we use are based on those
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employed by Feng and Wang in [11].

To illustrate the significance of Lemma 7.1, consider the 1-vertex IFS defined
on R by the similarities Si(z) = 3z, S2(x) = 52 + 5=, S3(x) = 2+ 2. This is a
modification of the Cantor set, C, which is the attractor of the IFS defined by S; and
Ss, and for which H*(C') = 1. The attractor F' is the unique non-empty compact set
satisfying F' = U?:l S;(F). The OSC is satisfied for this IFS, this can be verified by
taking the open set as U = (O, %) U (%, 1). Actually the strong separation condition
(SSC) holds but the CSSC does not. In particular, for I = [0,1], Sa(I) C Si(I)
but S1(F) NSz (F) = 0. So So(I) C Si(I) does not imply So(F) C Si(F). In fact
S1(F) & FNSi(I), since F NS (1) =S (F)USy(F). It follows by Lemma 7.1(b)
that H*(F) # |I]°, and so H*(F) < 1, by Lemmas 3.4 and 3.5.

Lemma 7.1. Let (V, E* i t,r, (R, oev, (Se)€6E1) be any directed graph IFS for
which the OSC holds. For the attractor F, at a vertex u, let s = dimyg F, and
{ay,b,} C F, C I, = [ay,by]. Let S : R — R be any similarity with contracting
similarity ratio rg, 0 < rg <1, and let S(I,) = [S(ay), S(bu)] = |as, bs].

If S(F,) C F, and H*(F,) = |L,|” then

(a) H(S(F) =H (FunS(L)) = (bs —as)”,

Proof. (a) Clearly S(F,) C F, N S(I,), so

(bs —as)® = H*(F, Nas, bs]) (by Corollary 3.6(a))
= HS(Fu S(1u))
H(S(Fu))
= rngs( F.) (by the scaling property of the measure)
bs — ag)®
= S HS F'LL
IR
= (bg — (Zs)s (as HS(Fu) = |Iu|s)

(b) As S(F,) C F,NS(I,,), we assume for a contradiction that S(F,) & F,NS(1,),
so there exists a point « € F, N S(1,), such that x ¢ S(F,). As S(F,) is compact,
dist(z, S(F,)) > 0. The map, ¢, : EY — F,, given by

du(e) =y, {y} =[] Sex (Ficels))

is surjective so there exists an infinite path in the directed graph, e € El, with
{z} = Mrey Selx (Fiely))- Now (Se|k(Ft(e|k))), is a decreasing sequence of non-empty
compact subsets of F,, whose diameters tend to zero as k tends to infinity, and
so there exists m € N, such that © € Se|,,(Fie},)) C Fu, and [Sey, (Fyelm))| <
dist(x, S(F,)). It follows that Sey,,(Fie|,,)) N S(F.) = 0. Also z € [ag,bs], and as
as,bs € S(F,), dist(z,S(F,)) < x — ag and dist(z, S(F,)) < bsg — x which means
Selm (Fielm)) C las,bs] = S(1,). In summary,

et (Fie,) US(F,) € Fu N1 S(L), (7.1)
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where the union on the left hand side is disjoint.
By Theorem 2.1, H*(Se|,. (Fi(el))) = 75 H*(Fiel,n)) > 0, which we use to derive
a contradiction as follows

m

(bs — as)” = H*(Fu N S(L)) (by part(a))
> H’ (S|, (Fielm)) U S(Fy)) (by Equation (7.1))
= H*(Se| (Fr(elm))) + H*(S(Fy)) (the union is disjoint)
> H(S(Fy))
= (bs — ag)® (by part (a)). O

The next inequality can be verified using calculus.

Lemma 7.2. Forx,z>0,y>0and0<p<1,
(x+y+2) <(z+y)+@y+2) -y

Lemma 7.3. Let (V, E* i t,r, (R, oev, (Se)e€E1) be any directed graph IFS for
which the OSC holds. For the attractor F, at the verter u, let s = dimy F,, and
{ay,b,} C F, C I, = [ay,b,]. Let S:R = R and T : R — R be any two distinct
similarities with contracting similarity ratios 0 < rg,rp < 1.

If S(F,) C F,, T(F,) C F, and H*(F,) = |L.|", then exactly one of the following
three statements occurs

(a) S(I,)NT(IL,) =0, which implies S(F,) NT(F,)

(b) S(I,) C T(1,), which implies S(F,) C T(F,),
(¢c) T(I,) C S(I,), which implies T(F,) C S(Fy).

N

0,

Proof. There are just five possibilities for the intervals S(I,) = las,bs], T(l.) =
[aTa bT]7

First we prove that the situation in (d) cannot happen.

(br — ag)® = H*(F, N [ag, br]) (by Corollary 3.6(a))
- H5<Fu N [as, bs]) + %S(Fu N [aT, bT])
— H¥(F, N [ar, bs]) (a property of the measure)

— H(F, N (L) + Ko (F, N T(1,))
— H*(F, N [ar, bs]),
> (bs —ag)® + (by —ar)® — (bs —ar)® (by Lemma 7.1(a)
and Corollary 3.6(a))
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> (bT — CLS)S.

The last inequality is obtained by putting x = a7 —ag > 0, y = bg — ar > 0, and
z = by — bs > 0 in Lemma 7.2. This contradiction shows that (d) cannot occur
and a similar argument can clearly be constructed to prove that (e) cannot happen
either. Since S # T, exactly one of (a), (b), or (c) must occur. It only remains to
prove the implications in the statement of the lemma.

That S(I,) N T(I,) = 0 implies S(F,) NT(F,) = 0 follows immediately as
S(F,) C S(1,) and T'(F,) C T(1,).

To see that S(I,) C T'(I,) implies S(F,) C T(F,) we apply Lemma 7.1(b) to
obtain S(F,) = F,NS(l,) C F,NT(1,) =T(F,).

Similarly, that T'(1,) C S(I,) implies T'(F,) C S(F,) also follows immediately
by Lemma 7.1(b), since T'(F,,) = F, NT(1,) C F,NS(1,) = S(F,). O

We remind the reader that in the statements of Theorems 7.4 and 7.5 that follow,
the 2-vertex IFS of Figure 4.5 has the similarities given in Equations (4.16) with the
contracting similarity ratios of (4.15).

Theorem 7.4. For the 2-vertex IFS of Figure 4.5, suppose conditions (1), (2) and
(3) of Theorem 4.6 all hold, so that H*(F,) = |I.|” = 1, and suppose also that the
set {Gu, g, a, b, c,d} C RT is multiplicatively rationally independent.

Then the attractor at the vertex u, F,, is not the attractor of any standard (1-
vertex) IFS, defined on R, with or without separation conditions.

Proof. For a contradiction we suppose F, is the attractor of a 1-vertex IFS, so F),
will satisfy an invariance equation of the form

F, =] Si(F.), (7.2)

for some n > 2. If S;(I,) N Sk(L,) # 0 for any j # k, 1 < ,k;gn then by
Lemma 7.3, either S;(1,) C Sk(I,), with S;(F,) C Sk(F,), or Sk(1,) C S;(1,), with
Sk(Fy) C S;(Fy). Wlthout loss of generahty suppose S;(Fy,) C Sk(F,), then we may

rewrite Equation (7.2) as
F,=|JsSi(F

=1

1#]
We may continue in this way, if necessary, relabelling and reducing the number of
similarities n in Equation (7.2) to m, 2 < m < n, with

where S;(1,) N Sk(I,) = 0 for all 1 < j,k < m, j # k. That is F, is the attractor
of a 1-vertex IFS that satisfies the CSSC. Because the set {gy, g,,a, b, ¢, d} is multi-
plicatively rationally independent no such 1-vertex IF'S exists by Corollary 6.4. This
is the required contradiction. O
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Theorem 7.5. For the 2-vertex IFS of Figure 4.5, but with b = d, suppose conditions
(1), (2) and (3) of Theorem 4.6 all hold, so that H*(F,) = |I,|° = 1, and suppose
also that the set {gu, gv,a,b,c} C RY is multiplicatively rationally independent.

Then the attractor at the vertex u, F,, is not the attractor of any standard (1-
vertez) IFS, defined on R, with or without separation conditions.

Proof. The proof is the same as that given for Theorem 7.4, except we apply Corol-

lary 6.2 in place of Corollary 6.4. [
0 1
0
Fu
S e
1 1 1 1
1 7 3 1 7 3
F, = F, a1
Fl —- — F? _ —
F3 .- - P . --
Fa F,

Figure 7.1: Level-k intervals for 0 < k£ < 4.

We now give a specific example to which we apply Theorem 7.5. Consider the
following parameters for the 2-vertex IFS of Figure 4.5, with a = }l, Ju = %,
b=d= %, c= %, and g, = % The Hausdorff dimension can be calculated as s =
0.5147069928, and 2= = 0.8978943038 < 1. Also (el =) — 5 182389923 > 1,
so conditions (1), (2) and (3) of Theorem 4.6 all hold, which means H*(F,,) = |I,,|” =
1 and H*(F,) = 0.8978943038.

The set {gu, gv,a,b,c} = {%, %, %, %, %}, is multiplicatively rationally indepen-
dent. Theorem 7.5 now ensures that the attractor F,, at the vertex wu, is not the
attractor of any standard (1-vertex) IFS. Figure 7.1 illustrates the level-k intervals,

for 0 < k < 4, for this particular example.
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